A spin-polarized current with the polarization perpendicular to the plane of a vortex-state disk results in renormalization of the effective damping for a given magnetization mode, and the effective damping becomes zero if the current exceeds a threshold value, c I . The lowest c I corresponds to the lowest frequency, GM ω vortex gyroscopic mode. For c I I > , the dynamic magnetization state is characterized by precession of the vortex around the dot center with nonsmall amplitude and higher frequency,
The injection of a spin current in magnetic nanostructures can result in interesting new effects having potential applications in spintronics. For example, it was first theoretically predicted by Slonczewski [1] and Berger [2] that a dc spin polarized current in a uniformly magnetized thin film renormalizes the spin wave damping and above a critical value of the spin current, c I can result in negative damping and generation of spin waves. For a more complete theoretical description of the nature of the modes excited by a spin-polarized current it is necessary to take nonlinear effects into account. In the thin film it was shown [3] that nonlinearity from the four-wave interaction will limit the growth of the excitation. Moreover, it was predicted [4] that the stable structure will be a self-localized spin wave bullet. In nanomagnets such as thin disks the ground state structure is vortex-like providing an ideal system to study spin-transfer effects in confined nonuniform states. For these systems it was recently shown [5] that a spin-polarized current with the polarization in the vortex plane results in a displacement of the vortex core owing to the lower symmetry introduced by the current.
More recently for the simple model of the easy-plane magnet it was theoretically predicted that the vortex core polarity can be switched [6] by a spin current perpendicular to the vortex plane, however, some of the important magnetostatic effects were neglected. This particular situation has direct application to information storage since the vortex core polarization as well as the vortex chirality can potentially each store one bit of information. In this letter the nonlinear dynamic effects from a dc spin polarized current are investigated including dominant magnetostatic effects from both surface and volume magnetostatic charges.
Since the dynamic effects from a spin polarized current are theoretically investigated here, we begin with a short introduction to the spectrum of vortex-state disks. The lowest frequency (sub GHz) excitation corresponds to gyrotropic oscillation of the vortex core as a result of an initial displacement induced by an in-plane magnetic pulse [7, 8] . There are also higher frequency (GHz) modes excited [9] [10] [11] and their structure depends on the symmetry of the initial pulse. In particular, the radially symmetric mode can be excited by an out-of-plane pulse.
To determine how a current will affect these excitations, the Landau-Lifshitz equations are analyzed including effects from the spin-polarized current and dissipation.
For the particular case were the polarization direction, p is perpendicular to the vortex plane, and the cylinder thickness, L is small compared to the radius, R the magnetization can be assumed to be uniform in the perpendicular ( z -direction) and the Slonczewski form [1] for the spin torque is applicable,
where I is the current and 2
where ε is the spin-polarization efficiency, e is the magnitude of the electric charge, g is the Lande factor, B µ is the Bohr magneton and 
for the particular case when ẑ is the polarization direction. Here Q is the dissipation function ( )
which results in Gilbert damping.
First it is shown that there will be a critical current where damping will be balanced by the Slonczewski torque. This is easily done through an energy balance estimate, by multiplication of (2) by & ϕ , multiplication of (3) by & θ and integration over the disk volume to get the time derivative of the energy ( )
Since it is assumed that the disk is thin, the magnetization is assumed to be constant in the z direction. As expected, dissipation will result in energy loss, but the second term can be positive so there can be a critical current, c I where the energy dissipation is zero, and for c I I > the mode becomes unstable and its amplitude will increase.
To proceed further for an arbitrary mode, use the usual ansatz [9] ò ò αω σ θ
To find the value of c I , we need definite forms of the functions . The simple calculations show that, the expression for Γ contains the same combinations of integrals as in (6) , and the threshold value can be expressed through the values of Γ and the mode frequency ω ,
Therefore, in the following the critical current is proportional to the ratio Γ/ω . The values of ω for different modes are well known, and Γ for some modes are determined experimentally [13] , and the lowest Γ/ω corresponds to vortex gyrotropic mode [14] . One can expect that as the current increases the smallest critical current will correspond to amplification of the sub-GHz gyrotropic mode. As we will see below, the value can be as small as a few tens of microamps;
whereas, for other modes (including the 0 m = mode corresponding to core size oscillations, considered in [6] [15, 16] , the viscosity coefficient is
and the spin polarized current (SPC) force is
From previous work the precession frequency can be obtained from the first two terms of (8) using V X = ω and the quadratic dependence of the magnetostatic energy, 2 2 X W κ = to get simply G = ω κ . Also from (8), the critical current can be obtained by equating the damping force to the SPC force, but to accomplish this it is next necessary to evaluate the integrals in (8) and calculate the magnetostatic energy for the displaced vortex.
For the evaluation of (9) and (10) with the values of Γ found by Guslienko [14] .
When the centered ( 0) X = r vortex structure is used to evaluate (10) one obtains zero so it is necessary to assume a form for the displaced vortex structure. Previous work indicates that boundary conditions are approximately fixed at the disk edge resulting in no net edge magnetostatic charge [7, 8] . For this reason it is useful to use the vortex-image vortex ansatz ( )
where R is the disk radius and a is the displacement of the vortex center on the x axis, and the image vortex is outside the disk at 2 R a / also on the x axis. The more general ansatz [8] for an arbitrary displacement is slightly more complicated, but this simpler form is sufficient. Using (12) it is possible to evaluate (10) exactly to obtain ( )
for an arbitrary displacement. Thus, for circular vortex motion with constant frequency the SPC force is antiparallel to the friction force, and both are perpendicular to vortex displacement. In contrast, both the gyroforce and restoring force, for any
Then, the condition a dW da = / ω gives the frequency for amplitude | | a X = r , and the condition
ωη determine the value of current resulting in this motion.
The remaining force in (8) is from the magnetostatic potential originating from the volume magnetostatic charge density, M ∇ ⋅ r which will be obtained using the magnetization expressed by (12) . This is the critical part where nonlinearities become important owing to the displacement of the vortex core. (14) For the consideration of nonlinear effects, third and fourth order terms should be used. For evaluation of integrals it is convenient to use a cylindrical ( ) r z , , χ coordinate system. We present here few lowest terms only, 
including the partial derivative of the magnetostatic potential given by
where
, with a similar expression for Φ ∂ y .
Next use (14) - (16) to obtain the second and fourth order expressions for the magnetostatic energy as a power series in R a . It is remarked that all of the odd contributions will be zero because of the form of the ansatz (12) . Moreover, the integral over χ is trivial for all orders, but before this integral is done it is convenient to make the substitution, ′ = − α χ χ . Then the second order contribution can be expressed in dimensionless form by the substitutions, r R = ξ and 
In the absence of dissipation and current in the linear approximation the first two terms will give the frequency of the gyrotropic mode,
/ , ω ω 
demonstrating a "soft" non-hysteretic regime of excitation for this mode.
In conclusion, small values of a spin-polarized current can counteract dissipation and result in gyrotropic vortex motion. Since the polarization direction is perpendicular to the vortex plane, this current cannot excite the initial motion, but any small fluctuation of the vortex position or weak and shore in-plane field pulse can produce the initial vortex displacement, which will be amplified by the current. This effect can be observed experimentally by imaging techniques such as time-resolved Kerr microscopy.
